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ABSTRACT

In this paper we develop the standard definition of Gabor transform considering rotation relation and
called it as fractional Gabor transform. Also, we are extending fractional Gabor transform which is a
generalization of standard Gabor transform to the distribution of compact support using kernel method.
For that we define Testing function space. We first prove that the definition of fractional Gabor transform
is authentic. Analyticity theorem, inversion formula is derived.
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1. INTRODUCTION

The fractional Fourier transform has become the focus of many research papers related to
several indispensable concepts appearing in diverse areas. Because of its recent application in
many fields, including optics and signal processing, the brief account of its application is
discussed in Ozactus [7].

The fractional Fourier transform R* is an extension of the ordinary Fourier transform which
depends on a parameter «. Extended fractional Fourier transform to the distribution of
compact support explained by Bhosale [4], Pao-Yen Lin [8].

The one-dimensional fractional Fourier transform with parameter « of f(t) denoted by

R*f(t) and defined by the integral transform as follows,

[oe]

[RF (D1 = Fu(n) = f Koe(t, ) f (Dt

Where K (t,n) is the kernel given as in Zemanian A.H.

A fractional Gabor transform proposed in Akan A. and Wang Q. [1] is a generalization of
the conventional Gabor transform based on the Fourier transform to the Windowed fractional
Fourier transform. This transform provides analysis of signals in both the real space and the
fractional Fourier transform frequency domain simultaneously [2,3]. This fractional Gabor
transform has an additional freedom compared with the conventional Gabor transform. The
fractional Gabor transform may offer a usual tool for guiding optimal filter design in the

fractional Fourier transform domain in signal processing [13].

PAGE NO: 48



MEERAYAN JOURNAL (ISSN NO:2455-6033) VOLUME 24 ISSUE 10 2024

Motivated by the above, in this paper we have introduced fractional Gabor transform, which
is generalization of standard Gabor transform [5]. The standard Gabor transform given in Pei

S.C. and Ding J.J [9].

G(u,t)z\/%fjoooe_(x_zt)ze_i f(x)dx (1.1)

Now we first give the definition of fractional Gabor transform which is rotation of standard

Gabor transform given by 1.1

1.1.Definition
The one-dimensional fractional Gabor transform with parameter « of f(x) denoted by
G*(u, t) given by
[GXf()]w) = 6 (u, 1)

(x2+u?) _(x=1)% cscx

1-i cotec , =5 —— p-iuxcsex g, (1.2)

[ fGoe!

Poisson Summation Formula Associated with the Fractional Gabor Transform is

proved in [11]. A convolution and product theorem for the Fractional Gabor transform given
by [12]. Parseval’s Equation and Modulation Property for Fractional Gabor Transform given
by [10].
The paper is organized as follows. We first define the fractional Gabor transform which is
generalization of standard Gabor transform defined as (1.1) also we have defined generalized
fractional Gabor transform in section II. In section III we prove the analyticity theorem.
Section IV derived Inversion formula.

Notations and terminology are used as in Zemanian A.H. [14].

2. GENERALIZED FRACTIONAL GABOR TRANSFORM
To define fractional Gabor transform in the generalized sense, we first define the testing
function space E as,
2.1. The Testing function space E’
An infinitely differentiable complex valued function y on R™ belongs to E(R™) or E if for
each compact set K c S, where,

Sa={x€R"|x|<a,a>0},keN",

YerW) = SEPIDkY (x)] < oo.
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Clearly E is complete and so a Frechet space, also if f is a member of E” (the dual space of E)

then we say that f is a fractional Gabor transformable.

2.2. The fractional Gabor transform on E’

For each u € R™ and 0 Socsg , the function K. (x,u,t) belongs to E as a function of x.

Hence the fractional Gabor transform of f € E’ can be defined by

[G<f()](u, 1) = Guc(u, ) = (f (%), Kxc(x,u, 1)) 2.1

Where,

242 2
1-ico o jXT+u%) t (-t)?escx .
Ky (x,u,t) = /Tel 7 ot > @~ iux cscx 2.2)

Then the right-hand side of (2.1) has a meaning as the application of f € E” to K(x,u, t) €
E. It can also be extended to E (C™).

[G7f()](§) = G(§) = {f(x), Ku(x, &, 1)) (2.3)
For each & € C™, K (x, &) € E as a function of x.

3. ANALYTICITY THEOREM
We prove following theorem, for discussion of analytic character of generalized fractional
Gabor transform.

3.1 Theorem

Let f € E'(R™) and let its fractional Gabor transformation be defined by (2.3). Then
[G*f (x)](&) is analytic on C™ if the Supp f < S, , where,

S,={x:x€R"™ |x| <a,a>0}
and for 0 << 1, G, (&) is differentiable and

DEG (&) = (F (), DEK(x, €, 0)).
Proof:
Let & = (&, 80, e v v &n)eC™
We prove the result for k = 1. The general result follows by induction.

We first prove that

77 6x(®) = (f (), 57 Kee (0. £, 1)
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For fixed §; # 0, choose two concentric circles C and C* with centre at ¢; and radii v and

respectively, such that 0 <r <mnry; < |E j|. Let A¢; be a complex increment satisfying 0 <

Consider,
G«@fﬂfg-ax(fﬂ (0,57 Ko (6,6, 0) = (£ (), g, (), 31
Where
1 0
l/)Afj(x) = AT, [Ku (. 61,65 e o §j+AS .. nt) — Ko (,§,0)] = a_g.K“ (., 0).
j j

For any fixed x € R™ and any fixed integerk = (k1,kz,___,.kn) EN",
DKy (x,§,t) = D¥[Crocexp{Cau[il(x® + §?) cos @ — 28x] — (x — t)*]}],
Where

1—icotux 1

’C20C=

Cioc =

2 2sincx

o D¥Ke (x,§,t) = Koo (%,8, ) Xj-g Cag j[1(2x cOs o =28) — 2(x — t)]*7%,
Where k is order of derivative,

n depends on order of derivative,

and Cy j are constants depend on «, k, j.

Since for any fixed x € R™ and fix integers k and « ranging from 0 to m, DXK, (x,&,t) is

analytic inside and on C’ , we have by Cauchy integral formula,

k _ i k = i 1 _ 1 _ 1
DxlpAfi(x) = 7 Dx fC' Kee (x,,t) [Afj (Z—fj—Afj Z—fj> (z—fj)z] dz,

LTS 1115
2miC (2-§;-08))(2-¢;)"

Where & = (&, . &1 2&j4g &)
and DXK,, (x, 3 t) = M(x, 3 t).

b

But for all z € C’ and x restricted to compact subset of R", 0 <x< 1, M (x 3 t) is bounded

by a constant K and |z—fj—Afj| >rn—-1r>0,

z—¢& ]-| =nn.
Therefore we have,

< a5k
= (Mg

|D§¢As,-(x)|

Thus as |AEJ-| -0,

D,’fsz;j (x)| — 0 uniformly on the compact subset of R™.
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Therefore it follows that Yng; (x) converges in E(R™) to zero. Since f€ E’ we conclude that
(3.1) also tends to zero. Therefore M. () is differentiable with respect to &;. But this is true
forallj =1,2,...n.

Hence M (&) is analytic on C™ and Dé‘Ga (&) =(f(x), Dé‘Koc (x,&,0)).

4. INVERSION FORMULA
For generalised fractional Gabor transform we established the fundamental result that is
“Inversion formula” in this section. It is possible to recover the function f by means of the

inversion formula.

f(x) = % fjooo Gx (WK, (x,u,t) du, where

, —1/ (x%2+u?) (x—t)2 csco

CSCX 1-ico 2 te .

K. (x,u,t) = e e 2 ez eluxcescx
« 2

Proof:

2T

The one-dimensional fractional Gabor transform is given by

[GXF 1) = Go(w, 8) = [ FOK (x,u, £)dx (4.1)
Where the kernel is,
Ky (x,u,t) = 1_iitocei—(xz-;uz)Cotoce—_(x_t%z csex @~ iux csco

21

= Cjo ei(x2+u2)Czo< cosae—(x—t)zcze( e UxX 20

where

1-ico « 1
Crec = 2m ’CZ“:2sio<'
From (1.2)

e—icmuZ COSOCGOC (u’ t) — f g(x)e—(x—t)zczo(e—iuxzcm dx

Where
g(x) = Cpoc f () Cax” oS (4.2)
eTleat® oSG (u, 1) = G[g ()] (2Czuu, ) 4.3)
Where,
G[g(x)] is Gabor transform of g(x) with argument n = 2C,u (say) (4.4)
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Thus e—iczc,(u2 COSOCGO( (L’ t) = G[g(x)](n, t) R

2Cox

Invoking Gabor inversion, we can write,

1

glx) = _fmoo G, t)e(x—t)zCzoceiHXZCzu dn,

2mi Y —
2

—ico—
Where G(n,t) = e BTN COSOCGOC( U t)

2Coe’

Putting the value of g(x) from (4.2) and simplifying we get inversion formula,

1 r® -
f0 =— | GuRGw D

Where,

. —1/ (x2+u2) (x-t)2 cscx
CSCX 1—icotx 2 —j otx :
Ka(x, u, t) = ( ) ( ) e 2 ¢ e 2 e“‘x CSCO(.

2 21

5. DISCUSSION AND CONCLUSION

In this paper we have discussed fractional Gabor transform in the generalized sense.

Analyticity theorem proved for fractional Gabor transform. Also, inversion formula is proved

for this transform.

(9,
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