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ABSTRACT

Kandu [8], Agarwal [2], Gupta [7], Chitra [4], Agarwal [1], Gaunt [6],
Ayant [3] and several other authors have evaluated some finite, infinite and
double integrals involving the generalized hypergeometric functions.

Looking importance and usefulness of integral in various fields, in this
paper we have establish a new integral involving G-Function of two variables,
which will be helpful in the study of boundary value problems, expansion
formula, Fourier series, statistical distribution, probability and integral equation.
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1. INTRODUCTION:

The G-function of two variables was defined by Shrivastava and Joshi [10,
p. 471] in terms of Mellin-Barnes type integrals as follows:
GO,n1:mz.nz;m3,n3 N (aj;1,1)1.pl:(Cj,l)l'pz:(ej,l)l‘]33
P1,91:P2,92;P3.d3 Ly (bi;l'l)l'ql:(di’1)1,q2:(fj’1)1,q3
-1
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x and y are not equal to zero, and an empty product is interpreted as unity p;, d;, n;
and m; are non negative integers such that pi>n; >0, qi >0, q;>m;>0, (i=1, 2,
3;]=2,3).

The contour L; is in the &-plane and runs from — ico to + ico, with loops, if
necessary, to ensure that the poles of I'(d; - €) (j = 1, ..., my) lie to the right, and
thepolesof (1 —¢;+&) (=1,..,n), ['(1—a+&+n) (=1, .., ny) to the left of
the contour.

The countor L; is in the n-plane and runs from — ioo to + ioo, with loops, if
necessary, to ensure that the poles of I'(f; ) (j = 1, ..., ms3) lie to the right, and
thepolesof I'(1—ej+m) (=1,...,n3), ' —-a+&+mn) (=1, .., ny) to the left of
the contour, and the double integral converges if

2(ny + My +n2) > (P + Ga + P2 + G2)
2(ny + Mg +ng) > (p1 + g1 + P3 + Gs)
and |argx | <% Unr, |argy| <% Vn.
where U=[ng+my+n—%(p1+0qy+p2+02)]
V =[ng + mg+ng—Y% (p1 + qu + p3 + G3)]

These assumptions for the G-function of two variables will be adhered to
throughout this research work.

The following formulae are required in the proof:

From Sharma [9, p.3-5]:

0 1
j eZuB (Sinhe)z}\_l 2F1 A= H + E' B;ZC_GSinhe do
0 8

DG IrG Y ?

n2’1+“+ﬁ+%l"(é‘—,8)F(%+%—%)F(g—?\)F(%+g—)\) ’
valid for R(A) >0, R(1/2— A —p) >0, R(E—B - A+ p—1/2)>0.
From Erdelyi [5, p.4, (46)]:
The multiplication formula for the Gamma-Function
1

R S
M(mz) = (2m)z 2mm™ 2 [T (2 + ), 3)
where m is a positive integer.

1Au)
4 2 2
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2. INTEGRAL:

Following Kandu [8], Agarwal [2], Gupta [7], Chitra [4], Agarwal [1],
Gaunt [6], Ayant [3] and other authors in this section, we evaluate an integral
involving G-function of two variables.

o 1
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X GO ,11:M3,N3;M3,N3 [Zlezme (Sll’lhe)zm

P1,91'P2,92;P3.,93 Zy ] do

_y B 1
pi-2mp A=k 2T'(6) 0, n; :my+4m,n,+2m;ms,ng 21/22m
P1,41 :P2+4m,qz+4m;p3,q3 Zy

2’“‘”3‘21"(5 BT G+A-p)
@5, L)1 p, b1y s Do €1, oes Cpyy Poma 1) s Pamt (ej’ 1)1p3

(b]; 1)1)1,(11: lljll ey llhl-m; dl! ey dqz: (f]I 1)17(]3 ’
where m is a positive integer, and

(4)

1-A+k 1-2A+2k
Pre1 = —— Pram+1 = —
1+6 2A+2k §—2A+2k
¢k+2m+1 om ¢k+3m+1 om '
1-2A—2p+4k 3—-2A-2pu+4k
lIJk+1 - 4m lIJk+m+1 - 4m )
_ 8—-B-2A+2k __ 1-B+8-2A+2k
lIJk+2m+1 - om ;lle+3m+1 - om )

k=012, .., (m—1).
The result is valid under the following conditions:

(1) P2 + qz < 2(m; + ny), |argz, | < (mz +n; — %pz - %%)T[
RG—B—A+p—1/2)>0,RA+md)>0,forj=1,2, ..., m
R(A+pu—2m—2mcp — 1/2) <0, forh=1,2, ...,n,

. 1 1

(i) pz2 =qzpz +4z < 2(m; +ny), largz, | < (mz +n; —-p2 _qu)ﬂ
RG—PB—A+p—1/2)>0,R(+mdj)>0,forj=1,2,....,m
R+~ 2mer) <22 forh=1,2, ..., ny

Zm( 216~ jq=21dj—l)—(q2—pz)(7\+u—m—%)>0

2

@iii)  py =qzp2 + 92 < 2(m; +ny),|argz,| < (mz +n, —%pz —%qz)n
ROG-B-A+p—1/2)>0,R(A+md))>0,forj=1,2,...,m
R(k+u—2mch)<wf h=1,2,...,np

2m (2P, ¢ — I, dj +3) + (p, — 42)(A —m) > 0.

Proof of (4):

To prove (4), we substitute the contour integral (1) for the G-function of
two variables in the integrand of (4), change the order of integration (which we
suppose to be permissible) and evaluate the inner integral with the help of (2).

The value of the integral then becomes

2~ A B=B-3r(5) fL f d1 (£1)0,(5)03(M)

rs- 3)r( 1ia- u)n41T2
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l_ch;ol I‘(kmﬁ+f) H;(nz_ol l_,(1+2)L+2k,+$) H;(nz_ol F(1—21—2#+4k_€)

Hm—1 F(iTzS—zAﬂk_f) i
k=0 2m
L et 10T e L/ ),
l—[zn__ol F(‘S_ZM-Zk—f)
- 2m
- x 27z )¢z"dédn, (5)
by virtue of (3).

The contour Ly and L, runs — ico to + ico, so that the poles of I'(d; — &) for

i=1,2, ..., my F(M E),F(M—f), F(M_g) and

4m - i4m 2m
r (W - E) fork=0,1,2, ..., (m— 1) are to the right, and all the poles

1+2A+2k + 5): fork =0, 1,

2m

2m
of (1 — ¢+ &) forj=1,2, ....np, T (X2 + &) and T
2, ..., (m— 1) are to the right of L;.

Interpreting (5), with the help of (1), we get (4) under the conditions stated
there in.

3. SPECIAL CASES:

On specializing the parameters in (5) we get following integral in terms of
G-function of one variable:

o 1
] 6240 (sinhg)2A-1 F, [A T M+ 5 Bige-0sinng
0 8,
@ D1r

x GI[e?m® (sinh0)2m| )1

1do
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where m is a positive integer, and
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5
_ 1+8-2A+2k _ 8-2A+2k
¢k+2m+1 - 2m :¢k+3m+1 - om
_1-2A-2p+4k _ 3-2A-2p+4k
L|Jk+1 - 4m IlIJk+m+1 - 4m ’
_ 8—B-2A+2k _ 1-B+8-2A+2k
L|Jk+2m+1 - 2m IL|Jk+3m+1 - 2m )

k=012, ..,(m—1).
The result is valid under the following conditions:
r+s<2(p+q),largz| < (p+q—%r—%s)m
R(G—B—A+u—1/2)>0,R(A+mb)>0,forj=1,2, ... p
R(A +pu—2m—2map—1/2)<0,forh=1,2, ..., q.
r<s,r+s<2(p+q),largz| < (p+q—%r—%s)m
RG—PB—A+pu—1/2)>0,R(+mby)>0,forj=1,2,...,p

R(A + pu—2may) < 4n;+1, forh=1,2,...,q.

1 1
Zm( j=18j — jszlbj—z)—(s—r)(l+u—m—5)>0
r=>s,r+s<2(p+q),largz| <(p+q—%r—%s)m
RG—P—A+p—1/2)>0, RO +mb)>0,forj=1,2,...,p

RO+ —2map) <=2 forh=1,2, ..., q.

2m (er=1 a; — js=1bj +%) +(r—-s)A—m) > 0.
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